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Abstrat Let fk be the k-th Fourier oeient of a funtion f in terms of the orthonormal Hermite, Laguerre or
Jaobi polynomials. We give neessary and suient onditions on f for the inequality
∑
k |fk|
2θk < ∞ to
hold with θ > 1. As a by-produt new orthogonality relations for the Hermite and Laguerre polynomials are
found. The basi mahinery for the proofs is provided by the theory of reproduing kernel Hilbert spaes.
Keywords: Hermite polynomials, Laguerre polynomials, Jaobi polynomials, square summability, orthogonality, repro-
duing kernel, Szego spae, spaes of entire funtions.
1. Introduction. The goal of this paper is to find neessary and suffiient onditions to be imposed
on a funtion f for its Fourier oeffiients in terms of lassial orthogonal polynomials to satisfy the
inequality
∞∑
k=0
|fk|2θk <∞ (1)
with θ > 1. So, we have three problems orresponding to the following three definitions of fk:
fk =
∞∫
−∞
f(x)Hk(x)e
−x2dx, (2)
fk =
∞∫
0
f(x)Lνk(x)x
νe−xdx, (3)
and
fk =
1∫
−1
f(x)Pα,βk (x)(1 − x)α(1 + x)βdx. (4)
Here Hk, L
ν
k and P
α,β
k is the k-th orthonormal polynomial of Hermite, Laguerre and Jaobi, respetively
[Szego91℄. For the sake of onveniene we use orthonormal instead of standardly normalized versions of
the lassial polynomials. In eah ase f is defined on the interval of orthogonality of the orresponding
system of polynomials. We will use ϕk as a generi notation for either of the three types of polynomials.
Classes of funtions with rapidly dereasing Fourier oeffiients in lassial orthogonal polynomials
have been extensively studied. We only mention a few ontributions without any attempt to make a
survey. The series of papers [Hille39℄-[Hille80℄ by E. Hille is devoted to the Hermite expansions. Among
other things Hille studied expansions with fk vanishing as quik as exp(−τ(2k+1)1/2). The funtions
possessing suh oeffiients are holomorphi in the strip |ℑz| < τ . Hille provided an exat desription
of the linear vetor spae with ompat onvergene topology formed by these funtions where the set
{Hk : k ∈ N∪ 0} is a basis. Its members are haraterized by a suitable growth ondition. In addition,
he studied the onvergene on and analyti ontinuation through the boundary of the strip.
1
2The onvergene domain of the Laguerre series with fk ∼ exp(−τk1/2) is the interior of the parabola
ℜ(−z)1/2 = τ/2. Rusev in [Rusev84℄ desribed the linear vetor spae with ompat onvergene
topology formed by funtions holomorphi in {z : ℜ(−z)1/2 < τ/2} where the set {Lνk : k ∈ N∪ 0} is a
basis, and Boyadjiev in [Boyad92℄ studied the behavior of the Laguerre series on the boundary of the
onvergene domain.
If oeffiients (2) or (3) derease as fast as exp(−τkη) with η > 1/2 the funtion f is entire. The
spaes omprising suh funtions for Hermite expansions have been haraterized by Janssen and van
Eijndhoven in [JanEijnd90℄. If the Fourier-Hermite oeffiients fk deline quiker than any geometri
progression, the suitable haraterization is provided by Berezanskij and Kondratiev in [BerKondr95℄
(see Corollary 1.1 below). Byun was the first to study the Hermite expansions with ondition (1) -
see remark after Theorem 1. For the Laguerre expansions with lim supk |fk|1/k < 1 Zayed related the
singularities of the Borel transform of f with those of F (z) =
∑
k fkz
k
in [Zayed81℄.
For the Legendre expansions with lim supk |fk|1/k = ζ < 1 Nehari relates the singularities of f on
the boundary of onvergene domain {z : |z + 1| + |z − 1| < ζ + ζ−1} to those of F (z) = ∑k fkzk
in [Nehari56℄. Gilbert in [Gilbert64℄ and Gilbert and Howard in [GilbHoward66℄ generalized the results
of Nehari to the Gegenbauer expansions and to expansions in eigenfuntions of a Sturm-Liouville
operator.
Funtions satisfying (1) apparently form a proper sublass of funtions with lim supk |fk|
1
k ≤ θ− 12 . On
the other hand the ondition (1) itself annot be expressed in terms of asymptotis of fk. Consequently,
our riteria for the validity of (1) are of different harater from those ontained in the above referenes.
Although they also desribe the growth of f for the Hermite and Laguerre expansions and its boundary
behaviour for the Jaobi expansions, our growth onditions are given in terms of existene of ertain
weighted area integrals of f and annot be expressed by an estimate of the modulus, while the restrition
on the boundary behaviour is given on the whole boundary and not in terms of analysis of individual
singularities.
2. Preliminaries. Throughout the paper the following standard notation will be used: N, R, R+
and C will denote positive integers, real numbers, positive real numbers and the finite omplex plane,
respetively. Sine oeffiients (2)-(4) do not hange if we modify f on a set of Lebesgue measure zero,
all our statements about the properties of f should be understood to hold almost everywhere. If, for
instane, we say that f is the restrition of a holomorphi funtion to (some part of) the real axis, it
means that f is allowed to differ from suh restrition on a set of zero measure.
All proofs in the paper hinge on the theory of reproduing kernel Hilbert spaes (RKHS), so for
onveniene we briefly outline the basi fats of the theory we will make use of.
For a Hilbert spae H omprising omplex-valued funtions on a set E, the reproduing kernel
K(p, q) : E × E → C is a funtion that belongs to H as a funtion of p for every fixed q ∈ E and
possesses the reproduing property
f(q) = (f,K(·, q))H
for every f ∈ H and for any q ∈ E. If a Hilbert spae admits the reproduing kernel then this kernel
is unique and positive definite on E × E:
n∑
i,j=1
K(pi, pj)cicj ≥ 0 (5)
for an arbitrary finite omplex sequene {ci} and any points pi ∈ E. The theorem of Moore and
Aronsjain [Aron50℄ states that the onverse is also true: every positive definite kernel K on E × E
uniquely determines a Hilbert spae H admitting K as its reproduing kernel. This fat justifies the
notation HK for the Hilbert spae H indued by the kernel K. The following propositions an be found
in [Aron50, Saitoh97℄.
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Proposition 1 If HK is a Hilbert spae of funtions E → C and s is an arbitrary non-vanishing
funtion on E, then
Ks(p, q) = s(p)s(q)K(p, q) (6)
is the reproduing kernel of the Hilbert spae HKs omprising all funtions on E expressible in the
form fs(p) = s(p)f(p) with f∈HK and equipped with inner produt
(fs, gs)HKs =
(
fs
s
,
gs
s
)
HK
. (7)
Proposition 2 Let E1 ⊂ E and K1 be the restrition of a positive definite kernel K to E1×E1. Then
the RKHS HK1 omprises all restritions to E1 of funtions from HK and has the norm given by
‖f1‖HK1 = min {‖f‖HK ; f |E1 = f1, f ∈ HK} . (8)
Proposition 3 If RKHS HK is separable and {ψk : k ∈ N} is a omplete orthonormal system in HK ,
then its reproduing kernel is expressed by
K(p, q) =
∑
k
ψk(p)ψk(q), (9)
where the series (9) onverges absolutely for all p, q ∈ E and uniformly on every subset of E, where
K(q, q) is bounded.
The relation K1 ≪ K2 will mean that K2 −K1 is positive definite. This relation introdues partial
ordering into the set of positive definite kernels on E × E. Inlusion HK1 ⊂ HK2 and equality HK1 =
HK2 will be understood in the set-theoreti sense, whih implies, however, that the same relations hold
in the topologial sense as stated in the following two propositions.
Proposition 4 Inlusion HK1 ⊂ HK2 takes plae iff K1 ≪ MK2 for a onstant M > 0. In this ase
M1/2‖f‖1 ≥ ‖f‖2 for all f ∈ HK1. (Here ‖f‖1 and ‖f‖2 are the norms in HK1 and HK2, respetively).
Proposition 5 Equality HK1 = HK2 takes plae iff mK2 ≪ K1 ≪ MK2 for some positive onstants
m, M . In this ase m1/2‖f‖1 ≤ ‖f‖2 ≤M1/2‖f‖1.
The kernels satisfying Proposition 5 are said to be equivalent whih is denoted by K1 ≈ K2.
It is shown in [Aron50℄ that the RKHS HK indued by the kernelK(p, q) = K1(p, q)K2(p, q) onsists
of all restritions to the diagonal of E′ = E×E (i.e. the set of points of the form {p, p}) of the elements
of the tensor produt H ′ = HK1 ⊗HK2 . The spae HK is haraterized by
Proposition 6 Let K(p, q) = K1(p, q)K2(p, q) and let {ψk : k ∈ N} be a omplete orthonormal set in
HK2. Then the RKHS HK omprises the funtions of the form
f(p) =
∞∑
k=1
f1k (p)ψk(p), f
1
k ∈ HK1 ,
∞∑
k=1
‖f1k‖21 <∞. (10)
The norm in HK is given by
‖f‖2HK = min
{ ∞∑
k=1
‖f1k‖21
}
,
where the minimum is taken over all representations of f in the form (10) and is attained on one suh
representation.
43. Results for the Hermite and Laguerre expansions. Funtions satisfying (1) form a Hilbert
spae with inner produt
(f, g) =
∞∑
k=0
fkgkθ
k. (11)
This spae will be denoted by Hθ for the Hermite expansions and by Lνθ for the Laguerre expansions.
The sets {θ−k/2Hk}k∈N∪0 and {θ−k/2Lνk}k∈N∪0 onstitute orthonormal bases of the spaes Hθ and Lνθ ,
respetively. For eah spae we an form the reproduing kernel aording to (9):
K(z, u) =
∑
k
ϕk(z)ϕk(u)θ
−k. (12)
The expliit formulae for these kernels are known to be [Bateman53℄:
HKθ(z, u)
def
=
∞∑
k=0
Hk(z)Hk(u)θ
−k =
θ√
pi(θ2 − 1) exp
(
2zuθ − z2 − u2
θ2 − 1
)
(13)
(Mehler's formula) and
LKνθ (z, u)
def
=
∞∑
k=0
L
ν
k(z)L
ν
k(u)θ
−k =
θν/2+1
θ − 1 exp
(
−z + u
θ − 1
)
(zu)−
ν
2 Iν
(
2
√
θzu
θ − 1
)
(14)
(Hardy-Hille's formula). Here Iν is the modified Bessel funtion. The kernels (13) and (14) are entire
funtions of both z and u. The spae Hθ omprises funtions on R, while the spae Lνθ omprises
funtions on R+. Hene, we onsider the restritions of the kernels (13) and (14) to R and R+,
respetively. Applying Proposition 2 with E = C and E′ = R or E′ = R+ we onlude that the spaes
Hθ and Lνθ are formed by all restritions to R and R+, respetively, of entire funtions from the spaes
generated by the kernels (13) and (14). We an drop minimum in (8) due to uniqueness of analyti
extension and, onsequently, the norm indued by inner produt (11) equals the norm in HHKθ or in
HLKν
θ
.
Next, we observe that both kernels (13) and (14) are of the form s(z)s(u)K(zu) with non-vanishing
funtions sH(z) = e
−z2/(θ2−1)
and sL(z) = e
−z/(θ−1)
. Hene we are in the position to apply Proposi-
tion 1. In ompliane with (7) the norms in HHKθ and HLKνθ are known one we have found the norms
in the spaes indued by the kernels
H˜Kθ(zu) =
θ√
pi(θ2 − 1) exp
(
2zuθ
θ2 − 1
)
(15)
and
L˜K
ν
θ(zu) =
θν/2+1
θ − 1 (zu)
− ν
2 Iν
(
2
√
θzu
θ − 1
)
. (16)
Both of them depend on the produt zu and are rotation invariant thus. Rotation invariane of the
kernel implies radial symmetry of the measure with respet to whih the integral representing the norm
is taken. For the kernel (15) the measure and the spae are well-known. It is the Fisher-Fok (or the
Bargmann-Fok) spae Fθ of entire funtions with finite norms
‖f‖2Fθ =
2√
pi(θ2 − 1)
∫
C
|f(z)|2 exp
(
− 2θ|z|
2
θ2 − 1
)
dσ, (17)
where the integration is with respet to Lebesgue's area measure. By Proposition 1 the final result for
the Hermite expansions now beomes straightforward.
Theorem 1 Inequality (1) with fk defined by (2) holds true for all restritions to R of the entire
funtions with ∫
C
|f(z)|2 exp
[
−2
(
(ℜz)2
θ + 1
+
(ℑz)2
θ − 1
)]
dσ <∞ (18)
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and only for them.
For inner produt (11) this leads to the expression
(f, g)Hθ = (f, g)HHKθ =
2√
pi(θ2 − 1)
∫
C
f(z)g(z) exp
[
−2
(
(ℜz)2
θ + 1
+
(ℑz)2
θ − 1
)]
dσ. (19)
Sine polynomials Hk are orthogonal with respet to this inner produt, we obtain the following or-
thogonality relation for the standardly normalized Hermite polynomials Hk:
2√
(θ2 − 1)
∫
C
Hk(z)Hm(z) exp
[
−2(ℜz)
2
θ + 1
− 2(ℑz)
2
θ − 1
]
dσ = δk,mpi(2θ)
kk!. (20)
These results for the Hermite expansions have been essentially proved by Du-Wong Byun in [Byun93℄,
although the emphasis in his work is different and it seems that the orthogonality relation (20) has
not been notied.
The following orollary is an immediate onsequene of (18).
Corollary 1.1 Inequality (1) with fk defined by (2) holds true for all θ > 1 iff f is the restrition to R
of an entire funtion F satisfying |F (z)| ≤ Ceε|z|2 for all ε > 0 and a onstant C = C(ε) independent
of z.
A diret proof is given in [BerKondr95℄.
For the Laguerre expansions the situation is a bit more ompliated. The kernel (16) is a partiular
ase of a muh more general hypergeometri kernel. The spaes generated by hypergeometri kernels
are studied in depth in [Karp03℄. For the kernel (16) we get the spae of entire funtions with finite
norms
‖f‖2
L˜K
ν
θ
=
2θ−ν/2
pi(θ − 1)
∫
C
|f(z)|2|z|νKν
(
2
√
θ|z|
θ − 1
)
dσ, (21)
where Kν is the modified Bessel funtion of the seond kind (or the MDonald funtion). Appliation
of Proposition 1 brings us to our final result for the Laguerre expansions.
Theorem 2 Inequality (1) with fk defined by (3) holds true for all restritions to R
+
of the entire
funtions with ∫
C
|f(z)|2 exp
(
2ℜz
θ − 1
)
|z|νKν
(
2
√
θ|z|
θ − 1
)
dσ <∞ (22)
and only for them.
The orthogonality relation for the standardly normalized Laguerre polynomials Lνk that follows from
this result is given by
2θ−ν/2
pi(θ − 1)
∫
C
Lνk(z)L
ν
m(z) exp
(
2ℜz
θ − 1
)
|z|νKν
(
2
√
θ|z|
θ − 1
)
dσ = δk,m
Γ(k + ν + 1)θk
k!
. (23)
Corollary 2.1 Inequality (1) with fk defined by (3) holds true for all θ > 1 iff f is the restrition
to R+ of an entire funtion F satisfying |F (z)| ≤ Ceε|z| for all ε > 0 and a onstant C = C(ε)
independent of z.
This orollary an be easily derived from (22) with the help of asymptoti relation [Bateman53℄
Kν(x) ≃
√
pi
2x
e−x, x→∞.
64. Results for the Jacobi expansions. The spae of omplex-valued funtions on (−1, 1) whose
Fourier-Jaobi oeffiients (4) satisfy (1) will be denoted by J α,βθ . Pursuing the same line of argument
as in the previous setion, we form the reproduing kernel of this spae found by Baily's formula
[Bateman53℄
JKθα,β(z, u)
def
=
∞∑
k=0
P
α,β
k (z)P
α,β
k (u)
1
θk
=
θα+β+1(θ − 1)
τ(α, β)(θ + 1)α+β+2
×
×F4
(
α
2
+
β
2
+ 1,
α
2
+
β
2
+
3
2
;α+ 1, β + 1;
θ(1− z)(1− u)
(θ + 1)2
,
θ(1 + z)(1 + u)
(θ + 1)2
)
, (24)
where
F4(a, b; c, c
′; t, s) =
∞∑
m,n=0
(a)n+m(b)n+m
(c)n(c′)mm!n!
tmsn (25)
is Appel's hypergeometri funtion and τ(α, β) = 2α+β+1Γ(α + 1)Γ(β + 1)/Γ(α + β + 2). Define the
ellipse Eθ by
Eθ = {z : |z − 1|+ |z + 1| < θ1/2 + θ−1/2}. (26)
Our first observation here is that both the series on the right hand side and on the left hand side of
(24) onverge absolutely and uniformly on ompat subsets of Eθ×Eθ (see [Karp00℄). The impliation
of the uniform onvergene is holomorphy of the kernel (24) in Eθ×Eθ with respet to both variables.
Appliation of Proposition 2 with E = Eθ, E
′ = (−1, 1) leads to the assertion that the spae J α,βθ is
formed by restritions to the interval (−1, 1) of funtions holomorphi in Eθ thereby the norm in J α,βθ
equals the norm in HJKθ
α,β
due to uniqueness of analyti ontinuation.
Our main result for the Jaobi expansions will be derived from its partiular ase α = β = λ− 1/2
thereby the orthonormal Jaobi polynomials redue to the orthonormal Gegenbauer polynomials C
λ
k .
The reproduing kernel (24) redues in this ase to
GKθλ(z, u)
def
=
∞∑
k=0
C
λ
k(z)C
λ
k(u)
1
θk
=
=
θ2λ(θ2 − 1)
τ(λ)(θ2 − 2θzu+ 1)λ+1 2F1
(
λ+ 1
2
,
λ+ 2
2
;λ+
1
2
;
4θ2(1− z2)(1 − u2)
(θ2 − 2θzu+ 1)2
)
, (27)
where 2F1 is the Gauss hypergeometri funtion and τ(λ) =
√
piΓ(λ+1/2)/Γ(λ+1). The series on both
sides of (27) again onverge absolutely and uniformly on ompat subsets of Eθ×Eθ. Formula (27) an
be obtained from (24) by using a redution formula for F4 and applying a quadrati transformation to
the resulting hypergeometri funtion. Details are in [Karp00℄.
Let ∂Eθ denote the boundary of the ellipse Eθ. We introdue the weighted Szego spae AL2(∂Eθ; ρ)
with ontinuous positive weight ρ(z) defined on ∂Eθ as the set of funtions holomorphi in Eθ, pos-
sessing non-tangential boundary values almost everywhere on ∂Eθ and having finite norms
‖f‖2AL2(∂Eθ;ρ) =
∫
∂Eθ
|f(z)|2ρ(z)|dz| <∞. (28)
We will write AL2(∂Eθ) for AL2(∂Eθ; 1).
For λ = 0, the orthonormal Gegenbauer polynomials redue to the orthonormal Chebyshev polyno-
mials of the first kind Tk:
C
0
k(z) = Tk(z) = (2/pi)
1
2Tk(z) = (2/pi)
1
2 cos(k arccos z), k ∈ N,
C
0
0(z) = T0(z) = (1/pi)
1
2T0(z) = (1/pi)
1
2 ,
(29)
where Tk is the k-th Chebyshev polynomial of the first kind in standard normalization.
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Lemma 1 Polynomials (θk+θ−k)−1/2Tk/2 form orthonormal basis of the spae AL2(∂Eθ; |z2−1|−
1
2 ).
Proof. The boundary ∂Eθ is an analyti ar whih implies the ompleteness of the set of all polynomials
in AL2(∂Eθ; |z2−1|−
1
2 ) (see for instane [Gaier80℄). To prove orthogonality we will need some properties
of the Zhukowskii funtion z = (w + w−1)/2. This funtion maps the annulus 1 < |w| <
√
θ one-to-
one and onformally onto Eθ ut along the interval (−1, 1) thereby the irle |w| =
√
θ orresponds
to ∂Eθ. The inverse funtion is given by w = z +
√
z2 − 1, where the prinipal value of the square
root is to be hosen. We see by differentiation that the infinitesimal ar lengths are onneted by the
relation |dz| = |w2 − 1||dw|/(2|w|2). Note also that z2 − 1 = (w2 − 1)2/(4w2). Applying the identity
Tk(z(w)) = w
k + w−k we get by the substitution z = (w + w−1)/2:
1
2pi
∫
∂Eθ
Tk(z)Tm(z)|z2 − 1|−
1
2 |dz| = 1
2pi
∫
|w|=
√
θ
(
wk +
1
wk
)(
wm +
1
wm
) |dw|
|w| =
=
θ(k+m)/2
2pi
2pi∫
0
eiϕ(k−m)dϕ+
θ−(k+m)/2
2pi
2pi∫
0
eiϕ(m−k)dϕ+
θ(k−m)/2
2pi
2pi∫
0
eiϕ(k+m)dϕ+
+
θ(m−k)/2
2pi
2pi∫
0
e−iϕ(k+m)dϕ =

0, k 6= m,
θk + θ−k, k = m 6= 0,
4, k = m = 0.
Combined with (29) this proves the lemma.
Denote Gλθ = J λ−1/2,λ−1/2θ . We are ready to formulate our main result for the Gegenbauer expan-
sions.
Theorem 3 Let λ ≥ 0. The spae Gλθ is formed by all restritions of the elements of AL2(∂Eθ) to the
interval (−1, 1). The norms in Gλθ and AL2(∂Eθ) are equivalent.
Proof. The proof will be divided in three steps.
Step 1. For the spae HGKθ
0
indued by the kernel (27) with λ = 0 we want to prove that
HGKθ
0
= AL2(∂Eθ). (30)
The weight |z2 − 1|−1/2 is positive and ontinuous on ∂Eθ so the norms in AL2(∂Eθ; |z2 − 1|−
1
2 ) and
AL2(∂Eθ) are equivalent and these spaes oinide elementwise. Aording to Lemma 1 and formula
(9) the spae AL2(∂Eθ; |z2 − 1|−
1
2 ) admits the reproduing kernel given by
Rθ(z, u) =
1
4
∞∑
k=0
Tk(z)Tk(u)
θk + θ−k
.
This kernel is equivalent to the kernel GKθ0 due to (29) and inequalities
1
2
n∑
i,j=0
GKθ0 (zi, zj)cicj ≤
n∑
i,j=0
∞∑
k=0
Tk(zi)Tk(zj)
θk + θ−k
cicj ≤
n∑
i,j=0
GKθ0 (zi, zj)cicj
satisfied for any hoie of n ∈ N, ci ∈ C and zi ∈ Eθ. Hene by Proposition 5 our laim is proved.
Step 2. Consider the following auxiliary kernel:
Kˆθλ(z, u) =
pi−1(θ2 − 1)
θ2 − 2θzu+ 12F1
(
λ+ 1
2
,
λ+ 2
2
;λ+
1
2
;
4θ2(1− z2)(1− u2)
(θ2 − 2θzu+ 1)2
)
. (31)
It is positive definite as will be shown below. Substitution λ = 0 yields the identity
Kˆθ0 (z, u) = GK
θ
0 (z, u). (32)
8We want to prove that for all λ, µ > −12
HKˆθ
λ
= HKˆθµ
. (33)
Aording to Proposition 5 we need to show that Kˆθλ ≈ Kˆθµ. Following the definition of the positive
definite kernel (5), hoose n ∈ N, a finite omplex sequene ci and points zi ∈ Eθ, i = 1, n. Positive
definiteness of the kernel [4θ2(1− z2)(1−u2)]k/(θ2− 2θzu+1)2k+1 due to its reproduing property in
the Hilbert spae of funtions representable in the form f(z) = (1 − z2)kg(z), where g belongs to the
Bergman-Selberg spae generated by the kernel (36) with λ = 2k + 1, and interhange of the order of
summations justified by absolute onvergene, lead to the estimates
0 ≤
n∑
i,j=1
Kˆθµ(zi, zj)cicj =
θ2 − 1
pi
∞∑
k=0
aµk
n∑
i,j=1
[4θ2(1− z2i )(1− zj2)]k
(θ2 − 2θzizj + 1)2k+1 cicj
≤ θ
2 − 1
pi
sup
k∈N0
{
aµk
aλk
} ∞∑
k=0
aλk
n∑
i,j=1
[4θ2(1− z2i )(1 − zj2)]k
(θ2 − 2θzizj + 1)2k+1 cicj = supk∈N0
{
aµk
aλk
} n∑
i,j=1
Kˆθλ(zi, zj)cicj ,
where
aλk =
([λ+ 1]/2)k([λ+ 2]/2)k
(λ+ 1/2)kk!
=
Γ(λ+ 1/2)Γ((λ + 1)/2 + k)Γ((λ+ 2)/2 + k)
Γ((λ+ 1)/2)Γ((λ + 2)/2)Γ(λ + 1/2 + k)k!
> 0.
This shows the positive definiteness of the kernel Kˆθµ. Using the asymptoti relation [Bateman53℄
Γ(a+ z)
Γ(b+ z)
= za−b(1 +O(z−1)), |z| → ∞, | arg z| < pi, (34)
we obtain
lim
k→∞
aµk
aλk
= 1 ⇒ 0 < sup
k∈N0
{
aµk
aλk
}
<∞.
The estimate from below is obtained in the same fashion with sup
k∈N0
{aµk/aλk} substituted by infk∈N0{a
µ
k/a
λ
k}.
This proves equality (33). Combined with (32) and (30) this gives:
HKˆθ
λ
= AL2(∂Eθ) (35)
for all λ > −1/2.
Step 3. Aording to (27) and (31), the kernel GKθλ is related to the kernel Kˆ
θ
λ by
GKθλ(z, u) = B
θ
λ(z, u)Kˆ
θ
λ(z, u),
where
Bθλ(z, u) =
piθ2λ
τ(λ)(θ2 − 2θzu+ 1)λ =
hθλ
(1− 2θ
θ2+1
zu)λ
, hθλ =
piθ2λ
τ(λ)(θ2 + 1)λ
. (36)
For λ > 0 the funtion Bθλ(z, u) is the reproduing kernel of the Bergman-Selberg spae HBθλ
[Saitoh97℄.
This spae omprises funtions holomorphi in the disk |z| < [(θ2 + 1)/2θ]1/2 and having finite norms
‖f‖H
Bθ
λ
=
[
1
hθλ
∞∑
k=0
|fk|2 k!
(λ)k
[
θ2 + 1
2θ
]k] 12
,
where fk is the k-th Taylor oeffiient of f . The funtions
γk(z)
def
= [hθλ]
1
2
[
(λ)k
k!
] 1
2
[
2θ
θ2 + 1
] k
2
zk
onstitute a omplete orthonormal system in HBθ
λ
. Note further that the losed ellipse Eθ is ontained
in the disk |z| < [(θ2 + 1)/2θ]1/2 due to inequality
√
(θ2 + 1)/(2θ) > (θ
1
2 + θ−
1
2 )/2, the right hand
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side of whih equals the big semi-axis of the ellipse Eθ. As stated in Proposition 6 the spae HGKθ
λ
is
obtained by restriting the elements of the tensor produt HBθ
λ
⊗HKˆθ
λ
to the diagonal of Eθ ×Eθ and
omprises the funtions of the form
f(z) =
∞∑
k=1
gk(z)γk(z), gk∈HKˆθ
λ
,
∞∑
k=1
‖gk‖2H
Kˆθ
λ
<∞.
By (35) we an put AL2(∂Eθ) instead of HKˆθ
λ
here. For any g ∈ AL2(∂Eθ) onsider the estimate
‖gγk‖2AL2(∂Eθ) =
∫
∂Eθ
|g(z)γk(z)|2|dz| ≤ max
z∈∂Eθ
|γk(z)|2‖g‖2AL2(∂Eθ), (37)
whih shows that every produt gγk belongs to AL2(∂Eθ) and hene so does a finite sum of suh
produts. Denote
αθλ(k)
def
= max
z∈∂Eθ
|γk(z)| = [hθλ]
1
2
[
(λ)k
k!
] 1
2
[
2θ
θ2 + 1
] k
2
[
θ + 1
2
√
θ
]k
=
= [hθλ]
1
2
[
(λ)k
k!
] 1
2
[
θ + 1√
2(θ2 + 1)
]k
,
θ + 1√
2(θ2 + 1)
< 1.
The sequene
Sn(z) =
n∑
k=1
gk(z)γk(z), gk∈AL2(∂Eθ),
∞∑
k=1
‖gk‖2AL2(∂Eθ) <∞,
is a Cauhy sequene in AL2(∂Eθ). Indeed, using (37) and the Cauhy-Shwarz inequality we get
‖SM − SN‖2AL2(∂Eθ) =
∥∥∥∥∥
M∑
k=N
gkγk
∥∥∥∥∥
2
AL2(∂Eθ)
=
M∑
k=N
M∑
l=N
(gkγk, glγl)AL2(∂Eθ) ≤
≤
M∑
k=N
M∑
l=N
‖gkγk‖AL2(∂Eθ)‖glγl‖AL2(∂Eθ) ≤
M∑
k=N
M∑
l=N
‖gk‖AL2(∂Eθ)αθλ(k)‖gl‖AL2(∂Eθ)αθλ(l) =
=
[
M∑
k=N
‖gk‖AL2(∂Eθ)αθλ(k)
]2
≤
M∑
k=N
‖gk‖2AL2(∂Eθ)
M∑
k=N
[αθλ(k)]
2.
Sine both
∑
k ‖gk‖2AL2(∂Eθ) and
∑
k[α
θ
λ(k)]
2
onverge, the above estimates prove that the sequene
Sn is Cauhy. It follows that HGKθ
λ
⊂ AL2(∂Eθ). Inverse inlusion AL2(∂Eθ)⊂HGKθ
λ
is obvious, sine
I(z) ≡ 1 belongs to HBθ
λ
and so for any g∈AL2(∂Eθ), the produt Ig = g∈HGKθ
λ
. 
Now it is not diffiult to establish our main result for Jaobi expansions.
Theorem 4 Let α, β ≥ −12 . Inequality (1) with fk defined by (4) holds true for all restritions to the
interval (−1, 1) of the elements of AL2(∂Eθ) and only for them.
Proof. Choose γ > max{α, β}, then
JKθα,β(z, u)≪MJKθγ,γ(z, u)
for some onstant M > 0. Indeed, for an arbitrary n ∈ N, omplex numbers ci and points zi ∈ Eθ,
i = 1, n, estimate using (24):
n∑
i,j=1
JKθα,β(zi, zj)cicj =
∞∑
k,l=0
aα,βk,l
n∑
i,j=1
θk+l(1− zi)k(1− zj)k(1 + zi)l(1 + zj)l
(θ + 1)2k+2l
cicj ≤
10
≤ sup
k,l∈N0
{
aα,βk,l
aγ,γk,l
} ∞∑
k,l=0
aγ,γk,l
n∑
i,j=1
θk+l(1− zi)k(1− zj)k(1 + zi)l(1 + zj)l
(θ + 1)2k+2l
cicj =
= sup
k,l∈N0
{
aα,βk,l
aγ,γk,l
}
n∑
i,j=1
JKθγ,γ(zi, zj)cicj ,
where
aα,βk,l =
θα+β+1(θ − 1)
τ(α, β)(θ + 1)α+β+2
([α+ β]/2 + 1)k+l([α+ β + 3]/2)k+l
(α+ 1)k(β + 1)lk!l!
> 0.
Interhange of the order of summations is justified by absolute onvergene of the series (24).
Appliation of formula (34) yields as k, l →∞
aα,βk,l
aγ,γk,l
= O
(
(k + l)α+β−2γkγ−αlγ−β
)
= O
(
(1 + l/k)α−γ(1 + k/l)β−γ
)
= O(1).
Therefore sup
k,l∈N0
{aα,βk,l /aγ,γk,l } is positive and finite. Similarly by hoosing −1 < η < min{α, β} we an
prove that
mJKθη,η ≪ JKθα,β.
It is left to note that JKθβ,β = GK
θ
λ, where λ = β + 1/2, and GK
θ
λ is defined by (27). Now Theorem 3
gives the desired result. 
When α and/or β belongs to (−1,−1/2) step 3 of the proof of the Theorem 3 breaks and the problem
remains open.
Corollary 4.1 Condition (1) for the Fourier-Jaobi oeffiients (4) of a funtion f is satisfied for
all θ > 1 iff f is the restrition of an entire funtion to the interval (−1, 1).
The last theorem and Szego's theory [Szego91℄ suggest that the following muh more general on-
jeture might be true.
Conjeture. Inequality (1) holds true for the Fourier oeffiients in polynomials orthonormal on
(−1, 1) with respet to a weight w that satisfies Szego's ondition ∫ 1−1 lnw(x)dx/√1− x2 > −∞ if and
only if f belongs to AL2(∂Eθ).
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